In this article, a numerical study is carried out to analyze the effect of nanoparticle
Introduction
Nanofluids, a name conceived by Choi [1] in Argonne National Laboratory, are fluids consisting of solid nanoparticles with size less than 100 nm suspended with solid volume fraction typically less than 4%. Nanofluids can enhance heat transfer performance compared to pure liquids. Nanofluids can be used to improve thermal management system in many engineering applications such as transportation, micromechanics and instrument, HVAC systems and cooling devices [2] . Recently, many investigators studied nanofluid convective heat transfer in different geometries both numerically and experimentally [3] [4] [5] [6] [7] . For numerical simulation, two approaches have been adopted in the literature to investigate the heat transfer characteristics of nanofluids, single phase model and two phase model. Another approach is to adopt the Boltzmann theory [8] . In single phase model, a uniform volume fraction distribution is assumed for nanofluids. In other words, the viscosity and thermal conductivity of nanofluids are formulated by volume fraction and nanoparticle size then continuity, momentum and energy equations are solved for nanofluids. In two phase model, the volume fraction distribution equation is added to other conservation equations. Many investors used single and two phase models for investigating the flow and heat transfer of nanofluids [9] [10] [11] . A numerical investigation of laminar mixed convection flow through a copper-water nanofluid in a square lid-driven cavity has been studied by Talebi et al. [12] . They showed the effect of solid concentration as a positive effect on heat transfer enhancement.
A numerical investigation of mixed convection flows through a copper-water nanofluid in a square cavity with inlet and outlet port has been performed by Shahi et al. [13] . The results indicated that any increase in solid concentration leads to an increase in the average Nusselt number at the heat source surface and a decrease in the average bulk temperature.
The effective assessment of aluminia nanoparticle at enhancing single-phase and twophase heat transfer in micro-channel heat sinks has been performed by Lee and Mudavar [14] . The high thermal conductivity of nanoparticles was shown to enhance the single-phase heat transfer coefficient. However, the enhancement was weaker in fully developed region. It proved that nanoparticles have an appreciable effect on thermal boundary layer development.
The effects of nanoparticle volume fraction in hydrodynamic and thermal characteristics of forced plane jet are studied by Maghrebi et al. [15] . The results showed nanoparticle volume fraction has a significant role in hydrodynamic and thermal characteristics of forced plane jet. The results for both nanofluids indicated that any increase in the solid volume fraction decreases the amplitude of temperature and velocity time history, the turbulent intensities and Reynolds stresses. The results for both two nanoparticles also indicated that with any increase in nanoparticle volume fraction, the velocity amplitude of velocity time history, the turbulent intensities and Reynolds stress in Al 2 O 3 -water are greater than that of CuO-water. This article is the extension of our previous work. In this paper, the effect of volume fraction on cross stream thermal and dynamic diffusion depth in laminar plane jet has been studied. Our previous work focused on forced plane jet and studied the turbulent intensities and Reynolds stress and other turbulent characteristic. In this work we study the effect of nanoparticle volume fraction in hydrodynamic and thermal characteristics of laminar free jet, which has very industrial application such as fusion [16, 17] , vacuum environment [18] and cooling of electronic devices.
The effective thermal conductivity of nanofluid has been also calculated with a model proposed by Yu and Choi [19] . To determine the viscosity of nanofluid, two experimental correlations for Al 2 O 3 and TiO 2 proposed by Nguyen et al. [20] and Dungthongsuk and Wongwises [21] , have been used, respectively. The aim of this paper is: investigation the effects of solid volume fraction on thermal and hydrodynamic characteristics of laminar plane jet. Figure 1 shows the co-ordinate system and the computational domain in which the governing equation for the incompressible jet flow are solved. The inlet velocity profile is specified by U 0 (y) that has a superimposed computational velocity. The jet flow is allowed to be developed in the spatial direction x.
Mathematical modelling

Governing equations
In this paper the governing equations are derived for the full incompressible Navier-Stokes and Energy equations. These equations together plus an equation representing mass conservation are 
The mean component of the stream wise velocity at the inlet plane of the domain, is:
which is presented by Schlichting [22] .
The computational flow velocity components [ ]
Then the energy equation is:
The instantaneous temperature T is decomposed into a base temperature T 0 (y) and the computational temperature components T c (x, y, t) are:
For numerical simulation of nanofluids it is assumed that the continuum assumption is still valid for fluids with suspended nano size particles [8] . Thus, eqs. (4) and (5) can be written: The specific heat was calculated with correlation as proposed by Pak and Cho [23] :
The effective conductivity is calculated according to equation which is introduced by Yu and Choi [19] :
Normally β = 0.1 is used to calculate the thermal conductivity of nanofluid. For calculating viscosity two experimental correlations have been used: 
Boundary and initial conditions
Equation (4) is a fourth-order, partial differential equation, so it requires four boundary conditions. The u is specified at the inlet (x = 0) and the outlet boundaries (x = L x ). By using continuity equation, ∂u/∂x is also specified at the inflow and outflow boundaries:
The convective boundary conditions are used to generate the Dirichlet boundary condition for both velocity components and temperature:
where ψ is replaced by each of the velocity components. Energy equation requires two temperature boundary conditions, known as Dirichlet boundary conditions. A uniformly distributed tangent hyperbolic mean velocity at all x stations is the initial condition. These initial conditions must then be allowed to wash out of the outlet boundary before performing any statistical analysis on the jet flow. In other words, any particle at the inlet (x = 0) must be allowed to leave the outlet boundaries (x = L x ). Summary: 
Numerical method and validation
The spatially developing jet is solved in a domain with a finite extend in the streamwise direction and doubly infinite (y → ±∞) in the major-gradient (MG) direction. A compact third order Runge-Kutta time differencing scheme developed by wray [24] is used to advance the computations in time. The derivatives in the streamwise direction are computed using the Pade' finite difference scheme developed by Lele [25] . The lower order schemes used a cotangent mapping given by:
To map the doubly infinite physical domain -∞ ≤ y ≤ ∞ into the finite computational domain with the interval of 0 ≤ ζ ≤ 1. λ in eq. (14) is the stretching parameter of the mapping.
For code validations and numerical method please see our previous work [15] . Expect that the mean velocity and half width jet in laminar jet have an analytical solution that reported in references [22, 26] . Figures 2 and  3 show very good agreement between numerical solution in this work and analytical solution.
Result and discussion
The case of 2-D Jet is studied in this work. The streamwise extent of computational domain is considered equal to 25 (L x = 25) because the geometry of problem is unbounded and this amount is completely a logical one. The Reynolds number is Re = 100 for the laminar jet. Despite of temperature variation in this study, the Prandtl number is calculated equal to 6.2 for pure water and Prandtl sensitivity to temperature variation is neglected because of its complexity and also for time saving in numerical computations. The domain was discretised using 200 points to represent the stream wise x extend of the domain, 140 collocation points were used in the MG direction. A time step of 0.05 was used in this work. Figure 4 illustrates the relation between velocity time history at x = 0.75L x , y = 0 and the solid volume fraction. When the solid volume fraction increases the nanofluid density increases too then at fixed mass flow rate (assumed in this paper) the velocity decreases via increasing the volume fraction. Figure 5 indicates the relation between temperature time history at x = 0.75L x , y = 0, and solid volume fraction. Figure 6 exhibits the relation between solid volume concentra- Figure 7 illustrates the relation between the solid volume concentration and the thermal cross-stream diffusion depth. The result shows the thermal cross-stream diffusion depth increase when the solid volume fraction is increased. With curve fitting a lower limit for the correlation that describes the relation between φ, and δ T as eq. (16) Figure 8 shows the effect of solid volume fraction in U mean . As shown in fig. 4 when the volume fraction increases the velocity at y = 0 decreases and the velocity profile expands in y-direction. 
Results for TiO 2 -water
Results for Al 2 O 3 -water
The results show the manner for velocity and temperature time history for Al 2 O 3 -water is similar to TiO 2 -water. Figure 9 exhibits the relation between solid volume concentration and hydrodynamic cross-stream diffusion depth. The result shows an increase in hydrodynamic cross-stream diffusion depth when the solid volume fraction is increased. Such as shawn in TiO 2 nanofluid. With curve fitting we propose a lower limit for correlation that describe the relation between φ and δ U as:
[ ] 
Figure10 illustrates the relation between the solid volume concentration and the thermal cross-stream diffusion depth. The result shows the thermal cross-stream diffusion depth increases when the solid volume fraction is increased. With curve fitting a lower limit for the correlation that describes the relation between φ and δ T as eq. (18) Figure 11 shows the effect of solid volume fraction in U mean . Figure 12 illustrates the variation of Reynolds number varies with change in the solid volume fraction. The rate of decrease in Reynolds number with respect to addition of TiO 2 is greater than the rate of decrease with addition of Al 2 O 3 nanoparticle. This is because the rate of increase in viscosity with any addition of TiO 2 is greater than the rate of increase of Al 2 O 3 ad- dition. Figure 13 shows the effect of TiO 2 nanoparticle volume fraction and Al 2 O 3 nanoparticle volume fraction with respect to Peclet number. That's because the ratio of (ρc p /k) nf in TiO 2 -water is greater than that of Al 2 O 3 -water. Figure 14 shows the effect of solid volume fraction in δ U in two nanofluids. In TiO 2 -water with any increase in φ the decrease in Reynolds number is much more experienced than Al 2 O 3 -water. Thus the δ U in TiO 2 -water is greater than that in Al 2 O 3 -water. Figure 15 shows the effect of solid volume fraction in δ U for two nanofluids. In Al 2 O 3 -water with any increase in φ the decrease in Peclet number is much more experienced than TiO 2 -water. Thus the δ T in Al 2 O 3 -water is greater than that in TiO 2 -water. Figure 16 shows the effect of solid volume fraction in U mean . 
Results of two different nanoparticles
Conclusions
The two dimensional incompressible, spatially developing laminar nanofluid plane jet have been simulated in this work. A numerical method which employs a combination of compact finite difference and a mapped compact finite difference scheme are used to represent the spatial dependence of the jet flow. A compact finite difference was used to represent the solution in the streamwise direction and a mapped compact finite difference method was employed to describe the solution dependence in the major gradient direction. The simulations were time advanced by means of the third order Runge-Kutta method. The results for both nanofluids showed an increase in the cross stream thermal diffusion depth and cross stream hydraulic diffusion depth when the nanoparticle volume fraction increased. The mean velocity was decreased when solid volume fraction was increased for both nanofluids. In addition we compared the results between Al 2 O 3 -water and TiO 2 -water nanofluids. In TiO 2 -water with any increase in φ the decrease in Reynolds number is much more exprienced than Al 2 O 3 -water.
Thus the δ U in TiO 2 -water is greater than that in Al 2 O 3 -water. In Al 2 O 3 -water with any increase in φ the decrease in Peclet number is much more experienced than TiO 2 -water. Thus the δ T in Al 2 O 3 -water is greater than that in TiO 2 -water. The mean velocity in TiO 2 -water is decreased more than in Al 2 O 3 -water. 
